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Abstract: Pulsar-like compact stars usually have strong magnetic fields, with the strength from ∼ 108 to ∼ 1012
Gauss on surface. How such strong magnetic fields can be generated and maintained is still an unsolved problem,
which is, in principle, related to the interior structure of compact stars, i.e., the equation of state of cold matter at
supra-nuclear density. In this paper we are trying to solve the problem in the regime of solid quark-cluster stars.
Inside quark-cluster stars, the extremely low ratio of number density of electrons to that of baryons ne/nb and the
screening effect from quark-clusters could reduce the long-range Coulomb interaction between electrons to short-
range interaction. In this case, the Stoner’s model could apply, and we find that the condition for ferromagnetism is
consistent with that for validity of Stoner’s model. Under the screened Coulomb repulsion, the electrons inside the
stars could spontaneously magnetized and become ferromagnetic, and hence would contribute non-zero net magnetic
momentum to the whole star. We conclude that, for most cases in solid quark-cluster stars, the amount of net
magnetic momentum, which is proportional to the amount of unbalanced spins ξ = (n+−n−)/ne and depends on
the number density of electrons ne = n++n−, could be significant with non-zero ξ. The net magnetic moments of
electron system in solid quark-cluster stars could be large enough to induce the observed magnetic fields for pulsars
with B∼ 1011 to ∼ 1013 Gauss.
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1 introduction
The states of matter of pulsar-like compact stars is
a long-standing problem, although the discovery of pul-
sars dates back to nearly half a century ago. Some ef-
forts have been made to understand the nature of pul-
sars, among which the model of quark-cluster stars has
been proposed. With a stiff equation of state, the model
of quark-cluster stars suggests the exist of high mass
(> 2M⊙) pulsars [1, 2], to be favored by the discov-
eries of massive pulsars [3, 4]. For traditional mod-
els of neutron stars, however, there are two challenges
faced: the so called “hyperon puzzle” and the quark-
deconfinement [5]. It is worth mentioning that no such
kind of embarrassment exists in this quark-cluster star
model since quark-clusters would be hadron-like. Com-
posed of clustered quarks and solidified at low enough
temperatures, the solid quark-cluster stars could have
stiff equation of states naturally, and consequently they
could have high masses, as was also demonstrated in the
corresponding-state approach to the equation of state [6].
Besides different manifestations [7], in addition, glitch
phenomenon, including both negligible and significant
energy releases during glitches, could also be well under-
stood in the solid quark-cluster star model [8]. In spite
of those successes, what about the strong magnetic field
in the solid quark-cluster star model?
In fact, the origin of strong magnetic fields of pulsar-
like compact stars is also a long-standing problem. In
the framework of neutron star models, the simplest and
most popular hypothesis is that, the conservation of mag-
netic flux resulting from the frozen of magnetic filed to
the star’s surface magnify the strength of magnetic field
by some orders of magnitude. However, the fossil fields
could not be adequate because only a very small frac-
tion of the progenitors have magnetic fields high enough
to produce significant fossil fields for pulsars, and the
conservation of magnetic flux seems to be contrary with
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the high rotation rates of pulsars [9]. The large scale
magnetic fields generated by dynamo processes are as-
sociated with convection, but the required equipartition
field strength is much larger than what a progenitor star
can offer [9]. Moreover, the inherited magnetic fields are
also dissipative. The time scale of Ohmic diffuse of mag-
netic field for a typical pulsar could be estimated as [10]
τohmic ∼ 2× 10
11 yr. Although the above time scale is
large, the Ohmic decay of magnetic fields could lead to
detectable effects. However, no convincing observational
evidence for decay of magnetic fields has been found.
In the solid quark-cluster star model, the origin of
large scale magnetic fields should be very different from
that of a fluid neutron star. The melting temperature of
a solid quark-cluster stars could be as high as 10 MeV
(approximated by the potential depth between quark-
clusters [2]), which is much higher than that of neutron
stars. In the core of the progenitor star, the dynamo
processes could play an important role, but after the so-
lidification the convection would stop and the produced
magnetic fields could be weak. For a rigid body, the dis-
sipation of macroscopic magnetic fields should also be
a problem. On the other hand, if the magnetic field
is intrinsically originated via symmetry broken sponta-
neously, then there would be no dissipation process. The
magnetic moment of electrons is much larger than that of
quark-clusters, so electrons could significantly contribute
magnetic moment to the whole star. If we take the in-
trinsic magnetic moment of electrons as the possible el-
ements giving rise to the macroscopic magnetism, then
it seems to be similar to the case of ferromagnetism of
normal material in terrestrial environment.
The ferromagnetism of normal material is studied ex-
tensively in condensed matter physics. The origin of fer-
romagnetism is the correlation between electrons under
Coulomb interaction. For quark-cluster stars, the situa-
tion is in fact simpler because electrons are not confined
to “nuclei” (i.e. the quark-clusters in lattices), and all of
the electrons are itinerant. The ferromagnetism of elec-
tron gas has been studied [11], and it was found that in
the high density limit the kinetic energy dominates and
the ground state is unpolarized. This text-book presen-
tation of high density behavior of an electron gas could
be quite different from the case we are focus on.
In solid quark-cluster stars, the screening effect com-
ing from the positively charged and polarized quark-
clusters could be significant, due to the low ratio of num-
ber densities of electrons to that of baryons Ye = ne/nb,
see Section 3.2. This leads to the validity of Stoner’s
model [12], which fails in quantitatively reproduce the
experimental observations for normal solid state sys-
tems (a full review about Stoner’s model and the related
progress both in theory and experiments can be found
in [13] and the references therein). For the sake of sim-
plicity, we are assuming a δ− interaction in Eq.(6) to sim-
ulate the screen effect of huge polarized quark-clusters.
A quark-cluster star could serve as an ideal sys-
tem where the itinerant ferromagnetism might occur un-
der the Stoner’s theory. The Stoner’s model consid-
ers screened short-range Coulomb interaction, where the
physical picture of ferromagnetism in repulsive Fermi
gases can be understood as the result of the competition
between the repulsive interaction and the Pauli exclusion
principle. For a perfect electron gas, electrons tend to
have balanced spins to save kinetic energy. However, tak-
ing into account the interaction between electrons, they
tend to have unbalanced spins to save interaction energy.
It should be noticed that the spin-alignment of electrons
under Coulomb repulsion is a result which can be found
in textbooks. For example, ref [14] (chapter 11.7) gives
a physical picture about this mechanism for spontaneous
magnetization. Coulomb repulsion makes a pair of elec-
trons to favor an antisymmetric spatial wave function to
lower the interaction energy. Because the wave function
of a pair of electrons is ψ(1,2) = ψspin(1,2)ψspace(1,2),
an antisymmetric spatial wave function requires a sym-
metric spin wave function, which means that they form
a spin-triplet state. In this paper, we demonstrate this
mechanism quantitatively in the physical conditions of
pulsar-like compact stars, and find that under certain
conditions, the interaction energy becomes significant
and the ground state of electrons becomes polarized. Al-
though the amount of unbalanced spins is small com-
pared to the total spins, the net magnetic moment of
the electron system could be high enough to induce the
magnetic fields of typical pulsars.
Certainly the state of compact stars is much differ-
ent from normal matter, although we have not enough
knowledge about the former. In solid quark-cluster stars,
the quarks are localized in clusters by strong interaction,
so they would not make contribution to the total mag-
netic moment although they are Fermions. Although
both of the origin of magnetic fields of compact stars
and the nature of compact stars are uncertain to us, we
propose here a possible way to solve the former, and hope
it could give us some hints to the latter. If the electrons
in solid quark-cluster star could spontaneously magne-
tization and give rise to enough strong magnetic fields,
then we can give some constraints about Ye, which could
reflect some properties of strong interactions.
Defining the amount of unbalanced spins
ξ=
n+−n−
n++n−
=
n+−n−
ne
, (1)
∗Here spin-“up” and spin-“down” have only relatively meanings. We define the electrons with spin-“up” whose intrinsic magnetic
moments have the same direction as the external magnetic fields.
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where n+ and n− denote the number density of spin-up
and spin-down electrons, respectively ∗. We find that,
in solid quark-cluster stars, the value of ξ could be non-
zero (although are some tiny values), which means that
the star has non-zero net macroscopic magnetic moment.
In some cases, the corresponding magnetic moment per
unit mass µ0 could be higher than 10
−4 Gauss cm3 g−1,
which is large enough to induce the observed magnetic
fields of pulsars with B∼ 1011−1013 Gauss. It should be
clarified that, in this paper we will not explain the origin
of super strong magnetic fields of the so called “mag-
netars”, whose dipole magnetic fields are though to be
larger than 1014 Gauss. It is worth noting that, in the
framework of quark-cluster star model, the gravitational
and elastic energies could be large enough to account
for the observed energy releasing [1, 8, 15], so the super
strong magnetic fields are (e.g., in the popular magnetar
model) unnecessary.
In fact, in condensed matter physics, a full and com-
plete description of ferromagnetism of electron system is
still very complex and has not achieve a satisfying stage.
A microscopic calculation from first principle is certainly
very difficult and is not the focus of this paper, but the
leading order approximation in our simple model shows
that the magnetism of solid quark-cluster matter could
be possible.
This paper is arranged as follows. In §II we will
show the basic properties of quark-clusters and electrons
in solid quark-cluster stars. Based on the solid quark-
cluster star model, in §III we will demonstrate the spon-
taneous magnetization of electrons in solid quark-cluster
stars, using a toy model and then a more quantitative
model, and show that the induced magnetic fields could
be significant. Conclusions and discussions are made in
§IV.
2 Quark-clusters and electrons in solid
quark-cluster stars
The average baryon number density nb of a pulsar-
like compact star is about 3n0, where n0 is the baryon
number density of saturate nuclear matter. We have
proposed that pulsar-like compact stars could be quark-
cluster stars [1, 2], because the strongly interacting
quarks could be grouped into quark-clusters [7, 16]. At
low enough temperatures, quark-clusters could crystal-
lize into solid state, just like the phase transition of nor-
mal matter from liquid to solid states. The number of
quarks in each quark-cluster, Nq, is seen as a free param-
eter which is related to the interaction details. Based on
the symmetric consideration, the most possible value of
Nq could be 18, which means that quark-clusters are sin-
glets of spins, flavors and colors. Certainly the choice of
Nq could have many possibilities, e. g. the H-cluster
stars, composed of H-dibaryons (an H-dibaryon is the
bound state of two Λ-particles), was proposed as a kind
of quark-cluster stars. [17], in which case Nq = 6. The
constrains of Nq by the maximum mass of pulsars were
also be studied [18], and we find that the 2M⊙ pulsar
PSR 1614-2230 [3] infers Nq 6 10
3.
A quark star could be considered as a gigantic nu-
cleus, with electrons inside, but changing from two-flavor
(u, d) to three-flavor (u, d and s) symmetries [16]. The
H-cluster star model was proposed based on three-flavor
symmetries [17]. If the star is composed of equal numbers
of u, d and s quarks, no electrons will exist. In this case,
the three-flavor symmetry may result in a ground state of
matter, as Bodmor-Witten conjecture said [19, 20]. The
mass difference between u, d and s quarks would break
the symmetry, but on the other hand, the interaction
between quarks would lower the effect of mass difference
and try to restore the symmetry. The amount of symme-
try breaking could be estimated based on perturbative
calculations [21], which found the ratio of number den-
sities of electrons to that of baryons ne/nb = Ye might
be smaller than 10−4. Although it is difficult for us to
calculate how strong the interaction between quarks is,
the non-perturbative nature and the energy scale of the
system make it reasonable to assume that the degree of
the light flavor symmetry breaking is small. In the fol-
lowing calculations, we assume Ye is ranged from 10
−6
to 10−4. Because of small Ye, most of quark-clusters are
electric neutral, but the quarks inside them have electric
charge.
Let us then show why the electrons in quark-cluster
stars are completely itinerant. The wave number of elec-
trons with number density ne at Fermi surface is
kF =(3π
2ne)
1
3 ≃
10 MeV
~c
·
(
Ye
10−5
) 1
3
(
nb
3n0
) 1
3
, (2)
so electrons are relativistic, with Fermi energy of about
10 MeV. The Coulomb attraction by quark-clusters on
electrons is
Ec =α ·n
1
3
e ≃ 10−2 MeV ·
(
Ye
10−5
) 1
3
(
nb
3n0
) 1
3
, (3)
(α = 1/137 is the fine structure constant) which means
the Coulomb attraction cannot bound electrons because
of the kinetic energy is much larger than the binding en-
ergy, and all the the electrons are itinerant. This is quit
different from the electrons in normal solid.
In summary, the differences from the electrons in
solid quark-cluster stars and normal solid are at least the
following two aspects: (1) the electrons are relativistic in
solid quark-cluster stars and non-relativistic in normal
solid; and (2) in solid quark-cluster stars all of the elec-
trons are nearly freely moving around rather than bond
by the lattices.
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3 Spontaneous magnetization of elec-
trons
In solid quark-cluster stars, electrons repulse each
other because of Coulomb interaction. Electrons tend
to have balanced spins to save kinetic energy, which
is the case for ideal (non-interacting) Fermi gas; and
on the other hand, they also tend to have unbalanced
spins to save interaction energy, if Coulomb interaction
is taken into account. Therefore, there is a competition
in strongly degenerate electron gas, and in this paper we
are focusing on this issue. If ξ 6= 0, then there are net
macroscopic magnetic moment. The star could be com-
posed of many magnetic domains, which has net macro-
scopic magnetic moments due to the unbalanced spins.
Applying an external magnetic field (e.g. a fossil field),
the directions of magnetic domains will tend to align,
and the maximum magnetic field will achieve when all of
the magnetic domains align perfectly.
In the following, we will first show a toy model which
qualitatively give the amount of unbalanced spins which
could induce the magnetic fields of pulsars, and then we
will show a more quantitative way to demonstrate this.
3.1 A toy model
A pulsar with a dipole magnetic field B∼ 1012 Gauss
and radius R∼ 10 km has the magnetic dipole moment
∼ 5× 1029 Gauss · cm3. If the baryon density nb = 3n0
and the ratio of number densities of electrons to that
of baryons Ye = 10
−5, the total number of electrons is
about 1052. We then try to estimate if the the unbal-
anced spins of electrons could account for such magnetic
moment. Because the electrons with unbalanced spins
will save interaction energy, the electrons on the Fermi
surface, within the momentum depth of Ec/c, will tend
to have the same spin. From Eqs.(2) and (3), the total
number of such electrons is
4πp2FEc/c
4πp3F/3
∼ 1049, (4)
which is just the number of unbalanced electrons, and
we can see that the amount of unbalanced spins ξ ∼
1049/1052 ∼ 10−3. The star will have a maximum mag-
netic dipole moment µd if all of the magnetic moments
of 1049 electrons align perfectly
µd≃
4π
3
µeneξR
3∼ 2×1029 Gauss cm3, (5)
where µe = 9× 10
−21 Gauss · cm3 is the Bohr magneton
of electrons. As a highly degenerate system, when the
Coulomb interaction is taken into account, the amount of
electrons with the same only constitutes a tiny fraction
of the whole electrons, and the qualitative estimation
convinces us that it could be enough to account for the
origin of strong magnetic fields of pulsars.
3.2 Spin-alignment of electrons
Coulomb repulsion is responsible to the spontaneous
magnetization of elections, as indicated above. Now we
will demonstrate this in a more quantitative way. In
fact, it is generally believed in condensed matter physics
that, a dilute Fermi gas with repulsive interactions can
undergo a ferromagnetic phase transition to a state with
unbalanced spins, which will happen when the number
density of electrons reaches a critical value. To show
this, one could then treat the Coulomb interaction be-
tween two electrons to be simplified as [14]
vij =Cδ(~ri− ~rj), (6)
where C is related to the scattering length a and the
mass of electrons m via [22]
C =
4πa
m
. (7)
Although the above relation between C an a is come
from low energy scattering of electrons, we assume that
it could be extrapolate to high energy case.
It should be noted that the condition for simplifying
Coulomb interaction to Delta function is that kF ·a≪ 1,
where kF is the wave number of particles at Fermi
surface, whereas in condensed matter physics, where
the electrons are treated as degenerate non-relativistic
Fermions, the condition for ferromagnetism is kF · a >
π/2 [14]. That is to say, the model constructed based
on Eq.(6) can only serve as an instructive way to show
how the repulsion between Fermions to enhance the spin
alignment.
However, for the electrons in a solid quark-cluster
star, the condition kF · a ≪ 1 would be satisfied. The
long-range Coulomb interaction would change into short-
ranged, due to screening effect in polarized quark-cluster
matter. Quark-clusters could be polarized in the pres-
ence of electrons, with polarization much larger than
that of vacuum. The distance between two neighboring
quark-cluster d∼ 2 fm (nb/3n0)
−1/3(Nq/18)
1/3, and this
could be comparable with the size of each quark-cluster
lq. The individual quark inside each quark-clusters has
electric charges, so the electromagnetic interaction be-
tween quarks that belong respectively to two neighboring
quark-clusters could change the distribution of quarks in-
side both clusters. Once an electron near a quark-cluster
change the distribution of quarks inside it, the arrange-
ment of electric charge inside quark-cluster would spread
out by a small but significant amount because d ∼ lq,
although the strength of electromagnetic interaction is
weaker than that of strong interaction by 2 orders of
magnitude. This would lead to polarizability ε which is
much larger than the polarizability of vacuum ε0. That
means, to get significant Coulomb interaction, an elec-
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tron should be very close to another electron, with dis-
tances much smaller than the average distance ∼ n−1/3e .
Unfortunately it is now difficult to calculate qualitatively
the polarizability of quark-cluster matter, but we can
make the approximation that the values of scattering
length of electrons a= η ·d where 16 η6 10, then
kF ·a≃ 0.4
( η
10
)( Ye
10−5
)1/3(
Nq
18
)1/3
. (8)
We will see in below that, for parameter space which give
large enough magnetic momentum, the condition making
the Stoner model valid, kF ·a≪ 1, will be satisfied.
The corresponding interaction energy for electron
system composed of N electrons is
Eint =
(
φ,
∑
i<j
vijφ
)
=
4πa
m
N+N−
V
, (9)
where φ is the wave function of electron system, N+ and
N− are the total number of spin-up and spin-down elec-
trons respectively, N = N++N−, and V is the volume
of the system. The total energy density of relativistic
electrons, taking into account the kinetic energy and in-
teraction energy, is then
ǫ=
3
8
(3π2)
1
3n
4
3
e
[
(1+ξ)
4
3 +(1−ξ)
4
3
]
+
πa
m
n2e(1−ξ
2). (10)
The condition for ferromagnetism is that a value of ξ in
the range (0,1] minimizes ǫ. Inserting the definition of
Nq and Ye, and assuming that a≃ d, this condition can
be written as
Nq ·Y
2
e >
m3
24π ·nb
=4.8×10−10
(
nb
3n0
)−1
, (11)
which means that larger Nq or larger Ye would favor fer-
romagnetism. With non-zero ξ that minimize the energy
density in Eq.(10), the electron system will have non-zero
macroscopic magnetic moment under an external field.
To derive the total magnetic moment of the electron
system, we can define the magnetic moment per unit
mass µ˜0, so the total magnetic moment µ of the a star
with mass M is µ= µ˜0M , or
µ = 3×1029 Gauss cm3 g−1
×
(
µ˜0
10−4 Gauss cm3 g−1
)(
M
1.5 M⊙
)
. (12)
Then we define the magnetic moment per unit mass µ0,
when all the magnetic moments of electrons point to
the same direction, so µ0 is proportional to ξ that mini-
mize the energy density ǫ in Eq.(10). Like normal ferro-
magnetic material, the ferromagnetic quark-cluster stars
should be composed of magnetic domains. The direction
of each domain would not be completely the same with
each other, so the real magnetic moment per unit mass
of a star µ˜0 would be smaller than µ0. The relation be-
tween µ˜0 and µ0 depends on many uncertain factors such
as the configurations of magnetic fields and the shapes
of domains, so it is difficult for us to derive an accurate
expression. Here we assume that under an external field,
the degree of alignment is sufficient, and µ˜0∼ 0.01−0.1µ0.
So if µ0 > 10
−3 ∼ 10−2 Gauss cm3 g−1, then µ˜0 > 10
−4
Gauss cm3 g−1, corresponding to B> 1012 Gauss.
Figure 1 shows the relation between µ0 and Ye, in two
cases η=1 (thick blue lines) and η=10 (thin black lines),
and we assume a homogeneous star with number density
nb =3n0. Solid, dashed and dash-dotted lines correspond
to Nq =6, 18, 100 respectively. From this figure we can
see that, if Ye > 10
−7, the corresponding µ could be large
enough to account for the magnetic moments of pulsars.
For example, Ye≃ 10
−6 can give satisfying value of mag-
netic moment of a pulsar with magnetic field B = 1012
Gauss and radiusR=10 km, if η≃ 10 and µ˜0∼ 0.01µ0, as
shown in Eq.(12). In the case η=1, if Ye < 2×10
−6, spon-
taneous magnetization is unlikely to happen, consistent
with condition (11). Moreover, in this figure we can see
that, for parameter space which give large enough mag-
netic momentum the condition making the Stoner model
valid, kF ·a≪ 1, will be satisfied, as shown in Eq(8). The
quick drops of curves in the bottom-left result from the
fact that, given a value of Nq, both of ξ that minimizes
energy density (10) and the number density of electrons
ne decrease with Ye.
10−8 10−7 10−6 10−5 10−4
10−6
10−5
10−4
10−3
10−2
10−1
100
Y
e
µ 0
 
/ G
au
ss
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m
3  
g−
1
 
 
η=1, Nq=6
η=1, Nq=18
η=1, Nq=100
η=10, Nq=6
η=10, Nq=18
η=10, Nq=100
Fig. 1. The relation between µ0 (magnetic moment
per unit mass) and Ye (ratio of number densities of
electrons to that of baryons ne/nb), in two cases
η = 1 (thick blue lines) and η = 10 (thin black
lines), where η denotes the strength of polariza-
tion, defined as the ratio of electrons’ scattering
length a and the distance between two nearby
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quark-clusters d. Solid, dashed and dash-dotted
lines correspond to Nq =6, 18, 100 respectively. If
µ0 > 10
−3
∼ 10−2 Gauss cm3 g−1, then µ˜0 > 10
−4
Gauss cm3 g−1, corresponding to B> 1012 Gauss.
A star should have different densities from center to
surface. Higher baryon densities means weaker interac-
tion and consequently larger Ye, so from this figure and
the relation (11) we can see that, at higher baryon densi-
ties the condition for spontaneous magnetization would
be less strict. Because the range of nb in pulsars is about
from 2n0 to 10n0, the spontaneous magnetization could
occur in almost all of the region in the star, leading to
a sufficiently large macroscopic magnetic moment. We
can see that, in the model of spontaneous magnetization
of electrons we show in this paper, there is large enough
parameter-space for Ye which can lead to magnetic fields
with strength B∼ 1011 Gauss to ∼ 1013 Gauss.
4 Conclusions and discussions
In this paper we demonstrate that the strong mag-
netic fields of pulsars could be originated from the spon-
taneous magnetization of electrons in solid quark-cluster
star model. Due to the relatively low densities of elec-
trons compared with that of quark-clusters, and polar-
ization of quark-cluster matter in compact stars, the
screening effect between electrons could be significant,
that is to say, the scattering length of electrons could
be much smaller than the average distance between elec-
trons. Under such situation, the Coulomb interaction
between electrons could be simplified as a δ function
in Eq.(6), and subsequently we can apply the Stoner’s
model to demonstrate ferromagnetism. The competition
between Coulomb repulsion and the Pauli exclusion prin-
ciple could make the electron-system with unbalanced
spins more stable than that with balanced spins.
The amount of unbalanced spins ξ depends on Ye.
Larger Ye results in larger ξ and consequently induce
larger magnetic moment per unit mass µ˜0. Note that
µ˜0<µ0, where µ0 is the value of µ˜0 when all of the mag-
netic domains point to the same direction. If Ye > 10
−7,
the corresponding µ could be large enough to account for
the magnetic moments of pulsars with B> 1012 Gauss. If
Ye< 10
−7, spontaneous magnetization is unlikely to hap-
pen. Therefore we show that the spontaneous magneti-
zation of electrons could account for the origin of strong
magnetic fields of pulsars. If the strengths of magnetic
fields of compact stars are generally in the rangeB≃ 1012
Gauss, we can infer that the allowed values of Ye are in
the range from ∼ 10−7 to ∼ 10−5. This could hint quan-
titatively the symmetry broken of three light flavors in
strange quark-cluster matter.
From the model discussed in this paper, we could also
infer that the strength of magnetic fields of pulsars with
same mass and radius should be the same, because of
the same total magnetic momentum. As we have shown
above, if the value of Ye is in the range from ∼ 10
−7 to
10−5, then the strength of magnetic field would be in the
range from ∼ 1011 to 1013 Gauss. However, the magnetic
fields of some pulsars, especially the millisecond pulsars,
are as low as ∼ 108 Gauss. So how to explain such weak
magnetic fields? Almost all of the discovered millisec-
ond pulsars are in binaries, and one possible mechanism
for reducing the strength of dipole fields is related to
the accretion process [23]. The accreted material could
squeeze some of the surface material towards the equator
and eventually bury the magnetic fields at the equator.
The strength of dipole magnetic fields could be decreased
rapidly and would reach a minimum value ∼ 108 Gauss.
Another kind of pulsar-like compact stars includes
AXPs (anomalous X-ray pulsars) and SGRs (soft
gamma-ray repeaters). One proposal to solve the en-
ergy budget is that they are highly-magnetized pulsars,
i.e. the so-called magnetars, with the strength of mag-
netic fields > 1014 Gauss. However, a rigid quark-cluster
star can also provide free energies being high enough for
bursts and even giant flares, in terms of gravitational
and elastic energies [1, 15], and the super strong mag-
netic fields are thus unnecessary. The “low” dipole field
(6 7.5× 1012 Gauss) of SGR 0418+5729 [24] has chal-
lenged magnetar model, and more challenge of magnetar
model can be found in [25] and references therein. There-
fore, in this paper we assume that all of the pulsar-like
compact stars (at lease at the moment of solidification)
have magnetic fields with the strength B6 1013 Gauss.
In the model of quark-cluster stars, the values of Nq
and Ye depend on the properties of strong interaction at
low energy scale. In our previous work, we constrained
Nq by the maximum mass of pulsars, and in this pa-
per we give constrains on Ye based on the proposal that
the strong magnetic fields of pulsars are originated from
the spontaneous magnetization of electrons. Smaller Ye
implies stronger interaction between quarks, since if in-
teraction is strong, the effect of mass difference between
u, d and s would become less significant and make the
number of s quarks to be larger. So this picture could
tell us that, although the interaction between quarks are
strong enough to group quarks into clusters, it may not
enough to make Ye to be smaller than about 10
−7 in order
to produce enough strong magnetic fields for pulsars.
Besides magnetic properties, electrons are also im-
portant for the radiation properties of pulsars. In quark
star models, the stars may be enveloped in thin electron
layers which uniformly surround the entire star. The hy-
drocyclotron oscillation of electron layers could explain
the observed absorption features of some pulsars [26].
Some properties of strange matter should be modi-
fied by strong magnetic fields. In our previous papers
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about quark-cluster stars, however, we neglected the im-
pacts of magnetic fields on the equation of state, and
took the whole star as non-magnetic. The reason is that,
comparing the orders of magnitude, we can see that the
energy density of magnetic fields B2/8π∼ 1023erg/cm3 ·
(B/1012Gauss)2 is much smaller than the energy density
of rest mass of strange matter ∼ 1035erg/cm3 · (nb/3n0).
The global features of a strange star, such as mass and
radius, would consequently not change significantly if
magnetization is included. In this paper, for the same
reason, we still do not discuss the impacts of magnetic
fields on the state of strange matter. The effects of strong
magnetic fields on properties of strange matter, such as
the bulk energy density and transport properties, are in-
teresting topics, and deserve detailed studies. Anyway,
though we think this is out of the scope of this paper,
we will study more about this in the future.
It should also be noted that, the properties of rel-
ativistic electrons are in fact not very certain to us.
Limited by the model used in normal solid containing
non-relativistic electrons, we are in lack of the knowledge
about the relativistic effects on electrons moving in solid
quark-cluster stars, including the scattering length and
the influences of lattices on electrons. On this point of
view, the model we present in this paper for relativistic
electron-system is to some extent an approximation to
the electrons in quark-cluster stars. The spin-unbalance
of electrons could give rise the the strong magnetic fields
of pulsars, but the detailed model to demonstrate this
based on more reliable ground remains to be constructed.
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